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Spontaneous emission (SE) is a fundamental process in quantum physics that plays a major role in several applications [1, 2] . In the early days of quantum mechanics, spontaneous emission was believed to be an intrinsic property of the atom. However, the seminal work by Purcell [3] showed that this process is governed by the electromagnetic (EM) local density of states (LDOS) of the surrounding medium. This work has inspired many subsequent theoretical studies [4] [5] [6] and experimental investigations [7, 8] . In this regard, the recent unprecedented progress in fabrication and measurement technologies has provided a means for controlling spontaneous emission of quantum dots in both weak and strong coupling regimes [9] . The former is characterized by a small perturbation over the vacuum photonic local density of states which leads to a modification of the exponential radiative decay rate-a process that is known as Purcell effect. The latter, on the other hand, is marked by LDOS singularities associated with colored vacua such as photonic band edges [10] or isolated discrete modes [11] . While several methods exist to calculate the Purcell effect [12, 13] , treating the strong coupling regime can be a challenging task that requires a full knowledge of the photonic eigenmodes of the system and their optical dispersion. Noteworthy, for a quantum dot located inside high quality optical resonators, light-matter interaction can be approximated by an effective nonHermitian Jaynes-Cumming (JC) Hamiltonian that can be solved analytically [14] .
However, to do so, both the optical eigenmode and the cavity quality factor have to be determined first. Moreover, treating the boundary between the weak and strong coupling regimes is not as straightforward. This is due to the proximity of this intermediate domain to special algebraic singularities known as the exceptional points (EPs) [15] at which Fermi's Golden rule was shown to break down [16] . This can occur for instance if the 3 quantum emitter (QE) interacts strongly with large number of optical modes near photonic band edges [10] . In order to overcome some of these difficulties, approaches based on quasi-normal modes (QNM) and constant flux (CF) states were proposed [17, 18] . However, numerical evaluation of these leaky eigenmodes for any arbitrary photonic structure can be complicated [19] .
In this letter we present a new approach for investigating the problem of spontaneous emission of a single emitter located inside (or in the vicinity of) any arbitrary photonic structure. Our scheme is general and treats all regimes of operation on equal foot. Most importantly, it does not require any knowledge of the real Hermitian eigenmodes of the systems nor of its non-Hermitian QNM's or CF states. In particular, we start by demonstrating that the unitary evolution of a dressed two-level quantum emitter can be mapped onto a complex radiative harmonic oscillator under self-interaction conditions.
We note of course that treating SE by using classical Hertzian dipoles dates back to early days of quantum mechanics [20] . However, despite dealing with small number of photons, these previous investigations involved some heuristic mean field approximations for the optical fields as noted for instance in Ref. [21] 
quantifies the strength of radiation-matter coupling and the asterisks superscript denote complex conjugate. In the above, construct an approximate model of this two-level system based on classical radiative oscillators, we consider the spontaneous emission from an equidistant three-level system when the electron is initially in the first excited state as shown in Fig.1 (b) . Note that because all EM radiation modes are initially in the vacuum state, the evolution dynamics of these two different systems are nearly identical. Under these conditions, the new atomic and interaction Hamiltonians can be written as: Throughout the rest of this work, we will refer to the above three-level Hamiltonians.
Next we investigate the unitary evolution of this system shown in Fig 
The Laplace transform of Eq. (1) is: Conceptually, we start by assuming that a quantum emitter can be represented by some form of a radiative oscillator coupled to electromagnetic radiation. In particular, we consider Maxwell's equations of the following form: 
where L and A are the axial length and cross section area of 2D and 1D quantum emitters as shown schematically for some realistic structures in Fig.2 .
By taking the Laplace transform of Eq.(3) and solve for    
and we have dropped the reference to the oscillator location o r  . In arriving at these results, we have made use the Laplace transform of the retarded EM Green's function [22] . Note that the most significant contribution to the resonant terms of   
Equation (4) Next we investigate the process of spontaneous emission in the strong coupling regime.
Here the SE dynamics are characterized by a non-negligible feedback between the quantum emitter and the surrounding photonic environment. As a result the Markovian approximation breaks down and Wigner-Weisskopf approach fails [11] . Note that in this case, even the numerical scheme of [13] cannot be used to predict non-Markovian effects.
Our first example here is a QE located at the center of a 1D optical cavity that consists of two perfect mirrors. The cavity length (4) and the JC model. A slight variation of the above problem reveals the strength of our technique. In particular, we consider an optical cavity that exhibit degeneracies. In this case, the atomic transition frequency can be in resonance with more than one discrete eigenmode. Before the JC can be used, all these degenerate modes must be first calculated. On the other hand, our FDTD-based method treats all the eigenmodes collectively in one single run. To illustrate this point, we consider a QE located at the center a perfect 2D square cavity of length l as shown schematically in Fig.4 (a) . The optical eigenfrequencies of this cavity are given by In order to further demonstrate the strength of our method, we consider situations where a transition between weak and strong interactions takes place as the physical parameters are varied. In particular, we investigate the case of a QE layer located at the center of a 1D photonic crystal cavity as shown schematically in Fig.5 (a) . If the dielectric photonic crystal mirrors are perfect, the QE will resonantly interact with one discrete defect state and SE can be thus described by JC Hamiltonian as before. However, if the Bragg mirrors are made of finite layers, the analysis becomes complicated due to optical coupling to the continuum. As we have mentioned before, techniques based on quasinormal modes (QNM) [17] and constant flux (CF) states [18] have been proposed to overcome this problem. However, as we noted, computing QNM or CF states is not a straightforward task. Our technique on the other hand circumvents all these difficulties in a straightforward fashion through the FDTD procedure where the effects associated with the radiation modes is simply taken into account by introducing absorbing boundary conditions (ABC) at the edges of the structure. This can be done by either using perfectly matched layer (PML) or by using Mur's boundary conditions in 1D [23] . For illustration purpose, we assume that the photonic band gap (PBG) mirrors shown in Fig.5 (a)  in addition to radiation modes [26] . When the number of unit cells in each Bragg mirror N is very large (ideally infinite), the photonic band gap (PBG) resonator becomes perfect and the situation resembles that of perfect metallic cavity. On the other hand, when N is small, the SE process is described by the Purcell effect. However, when the value of N lies between these two extremes, an interesting situation arises as the interaction can be affected by the EPs branch cut singularities [15] ; thus leading to power-law algebraic decay dynamics [27] . This transition between different coupling regimes is illustrated in Fig.5 (b) where   
